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ON A CALABI-TYPE ESTIMATE FOR PLURICLOSED FLOW
JOSHUA JORDAN AND JEFFREY STREETS
Abstract. The regularity theory for pluriclosed flow hinges on obtaining Cα regularity
for the metric assuming uniform equivalence to a background metric. This estimate was
established in [14] by an adaptation of ideas from Evans-Krylov, the key input being a sharp
differential inequality satisfied by the associated ‘generalized metric’ defined on T ⊕ T ∗. In
this work we give a sharpened form of this estimate with a simplified proof. To begin we
show that the generalized metric itself evolves by a natural curvature quantity, which leads
quickly to an estimate on the associated Chern connections analogous to, and generalizing,
Calabi-Yau’s C3 estimate for the complex Monge Ampere equation.
1. Introduction
Pluriclosed flow [17] is a geometric flow extending Ka¨hler-Ricci flow to more general com-
plex manifolds while preserving the pluriclosed condition for a Hermitian metric,
√−1∂∂ω =
0. Associated to a pluriclosed metric we have the Bismut connection, the unique Hermitian
connection with skew symmetric torsion, defined by
∇B = D + 1
2
g−1H, H = dcω,
where D denotes the Levi-Civita connection. Let ΩB denote the curvature of ∇B, and
furthermore let
ρB = trΩ
B ∈ Λ2.
This is a closed form representing pic1, but is not in general of type (1, 1). The pluriclosed
flow can be expressed using the Bismut connection as
∂
∂t
ω = −ρ1,1B ,
∂
∂t
β = − ρ2,0B ,(1.1)
where β ∈ Λ2,0 is the ‘torsion potential’ along the solution (i.e. ∂β = ∂ω). First introduced
in [14], β is not strictly necessary to describe associated the Hermitian metric, but plays a
central role in obtaining a priori estimates.
By now there are many global existence and convergence results for pluriclosed flow ([1, 10,
14, 15, 16]). All of these results exploit some underlying structure of the given background to
obtain a priori L∞ estimates for the metric tensor along the flow. In the setting of Ka¨hler-
Ricci flow, reduced to a parabolic Monge-Ampere equation, this corresponds to having a
C1,1 estimate for the potential, at which point one applies either the Evans-Krylov method
[5, 7] to obtain a C2,α estimate, or Calabi’s C3 estimate [2, 18, 13], after which Schauder
estimates can be applied to obtain C∞ estimates. As pluriclosed metrics cannot be described
locally by a single function, the pluriclosed flow does not admit a scalar reduction, so the
method of Evans-Krylov cannot be applied. As pluriclosed flow is a parabolic system of
equations for the Hermitian metric g, obtaining a Cα estimate for the metric is similar to
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the DeGiorgi-Nash-Moser/Krylov-Safonov [3, 12, 11, 8, 9] estimate for uniformly parabolic
equations. However these results are known to be false in general for systems of equations
[4]. Thus a key step in obtaining regularity of pluriclosed flow is to turn L∞ control over the
metric into a Cα estimate.
This regularity barrier was overcome by the second author in [14], with a key role played
by the generalized metric associated to g and β. Specifically, given g a Hermitian metric and
β ∈ Λ2,0, the associated generalized metric1 is, expressed in local coordinates,
G =
(
gij + βikβjlg
lk βipg
lp
βjpg
pk glk
)
.(1.2)
This is a Hermitian metric on T 1,0 ⊕ Λ1,0, which has unit determinant. In local complex
coordinates, it turns out that G is a matrix subsolution of the linear heat equation. This
together with the fact that G has unit determinant allows one to adapt the strategy behind
Evans-Krylov regularity to obtain a Cα estimate for G, after which one obtains a Cα estimate
for g and β.
Our purpose here is to give a simplified and sharpened version of this estimate which reveals
further structure of pluriclosed flow related to the generalized metric and its associated Chern
connection. As a Hermitian metric on a holomorphic vector bundle, G has a canonically
associated Chern connection, and curvature tensor Ω ∈ Λ1,1 ⊗ End(T ⊕ T ∗). Taking it’s
trace with respect to the Hermitian metric g and lowering the final index with G yields a
natural curvature operator
SAB = g
jiΩijAB.
As we show in §3, under the pluriclosed flow equations (1.1), the associated generalized
metric evolves by
∂
∂t
G = − S.(1.3)
This remarkably simple formula leads to a clean evolution equation for the Chern connection
associated to G, to which the maximum principle can be applied to obtain a C1 estimate for
the metric assuming uniform equivalence ofG with a background metric. This computation is
similar in style, and in fact generalizes, the classic C3 estimate of Calabi-Yau for real/complex
Monge-Ampere equations and Ka¨hler-Ricci flow ([2, 13, 18]). Given this, a blowup argument
adapted from [14] leads to sharp scale-invariant estimates on all derivatives of G, yielding
our main result. Before stating it we record some notation.
Definition 1.1. Given a complex manifold (M2n, J) and Hermitian metrics g and g˜, let
Υ(g, g˜) := ∇g −∇g˜
denote the difference of the associated Chern connections. Similarly, given G and G˜ Hermit-
ian metrics on T 1,0 ⊕ Λ1,0 let
Υ(G, G˜) := ∇G −∇G˜
1In the terminology of generalized geometry, the generalized metric is an endomorphism of T ⊕ T ∗ as
opposed to a symmetric inner product. Our metric is related to such an endomorphism by raising one index
using the associated neutral inner product.
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be the difference of the associated Chern connections. Furthermore, let
fk = fk(G, G˜) :=
k∑
j=0
∣∣∇jΥ∣∣ 21+j .
This is a fixed-scale measure of the (k + 1)-st derivatives of G.
Theorem 1.2. Given (M2n, J), fix (ω, β) a solution to pluriclosed flow (1.1) on [0, τ), τ ≤ 1,
with associated generalized metric G. Fix a background generalized metric G˜(g˜, β˜) such that
Λ−1G˜ ≤ G ≤ ΛG˜. There exists ρ > 0 depending on g˜ such that for all 0 < R < ρ, and
k ∈ N, there exists a constant K = K(k,Λ, G˜) such that
sup
BR
2
(p)×{t}
fk(x, t) ≤ K
(
1
t
+R−4
)
.
As the quantity fk dominates the corresponding C
k+1 norm of the metric g (cf. Lemma
3.7), Theorem 1.2 recovers the estimates of ([14] Theorem 1.7). In fact, it has strengthened
that estimate in several ways. First, we have explicitly localized the estimate in terms of
the geometry of a background metric g˜. Futhermore, the quantity ρ is equivalent to the
curvature radius of g˜, allowing us to obtain regularity for G in settings where the metric is
collapsing.
Acknowledgments: The authors are supported by the NSF via DMS-1454854.
2. Curvature of generalized metric
All connections below are Chern connections unless otherwise stated; those that are dec-
orated with a g are of the classical metric on T 1,0 and those that are undecorated are of the
generalized metric G on T 1,0 ⊕ Λ1,0. The same convention holds for curvatures and traces
thereof. Furthermore, we use tildes to denote quantities associated to a fixed background
metric g˜ or generalized metric G˜(g˜, β˜). We use Einstein summation convention wherein lower
case indices are summed over elements of either the tangent or cotangent spaces and capital
letters are summed over the entire generalized tangent space T 1,0 ⊕ Λ1,0. Also, choosing
complex coordinates zi, we let Z i = ∂
∂zi
and W i = dzi. Thus in particular the generalized
metric G in (1.2) can be expressed in these components as follows:
G
ZiZ
j = gij + βikβjlg
lk
G
ZiW
j = gjpβip
G
W iZ
j = gpiβjp
G
W iW
j = gji
(2.1)
Using this, further elementary computations yield the inverse matrix
G−1 =
(
gji βjpg
pi
βipg
jp gkl + βkpβlqg
qp
)
.
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Or, in components,
GZ
j
Zi = gji,
GZ
j
W i = βipg
jp,
GW
j
Zi = βjpg
pi,
GW
j
W i = gij + βipβjqg
qp.
Before computing the curvature of G below, we observe an important convention used
throughout the paper. We assume that the metric ω and torsion potential β satisfy
∂ω = ∂β.
Given ω, such β can always be found at least locally. More generally one can expect to solve
globally for
∂ω = T˜ + ∂β,
where T˜ denotes the Chern torsion with respect to some background metric. All of the
results below generalize to this case.
Lemma 2.1. Given (M2n, J) a complex manifold and generalized metric G, the Chern cur-
vature associated to G is
Ω
ijW aW
b = − gbmgna(Ωg
ijmn
− gloTmojTnli),
Ω
ijZaW
b = − gbn∇gi∇gjβan,
Ω
ijZaZ
b = (Ωg)ijab − TakjTbliglk.
(2.2)
Proof. First recall the general formula for Chern curvature of a general Hermitian metric h
in complex coordinates,
Ωβ
ijα
= − ∂jΓβiα = −∂j
(
∂ihαγh
γβ
)
= −∂i∂jhαγhγβ + ∂ihαγhγδ∂jhδǫhǫβ.
Lowering the index yields
Ωijαβ = − Ωσjiαhσβ = −hαβ,ij + hαγ,ihγδhδβ,j.
We note that the claimed formulas are invariant under transformations β 7→ β − γ where
γ is a holomorphic local section of Λ2,0T ∗. To take advantage of this, let p ∈ M and choose
γ = βij(p)dz
i ∧ dzj . Clearly γ is holomorphic, and after subtracting it we have forced
β(p) = 0. Thus, we can without loss of generality compute at a single point and suppose β
vanishes at that point. In particular notice that GZW = 0 at p.
With that in mind, let us begin by expanding
Ω
ijW aW
b = − ∂i∂jGW aW b + ∂iGW aαGαβ∂jGβW b
= − ∂i∂jGW aW b +
[
∂iGW aZkG
Z
k
Zl∂jGZlW b + ∂iGW aWkG
W
k
W l∂jGW lW b
]
= − ∂i∂jGW aW b + A1 + A2.
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Then, we can compute
∂i∂jGW aW b = g
ab
,ji
= − ∂i(gnagbmgmn,j)
= − gnagbmgmn,ji + gnlgoaglo,igbmgmn,j + gnagblgomglo,igmn,j
= gnagbm(Ωg
ijmn
+ golgln,igmo,j).
Further,
A1 = g
kl∂i(g
paβkp)∂j(g
bnβln) = g
klgpagbnβln,jβkp,i,
A2 = glk∂ig
ak∂jg
lb = glkg
angmkglogsbgmn,igso,j = g
angmogsbgmn,igso,j.
Gathering these all up gives
Ω
ijW aW
b = − gnagbm(Ωg
ijmn
+ golgln,igmo,j) + g
klgpagbnβln,jβkp,i + g
angmogsbgmn,igso,j
= − gnagbm(Ωg
ijmn
− gklβlm,jβkn,i).
Next, we expand
Ω
ijZaW
b = − ∂i∂jGZaW b + ∂iGZaαGαβ∂jGβW b
= − ∂i∂jGZaW b +
[
∂iGZaZkG
Z
k
Zl∂jGZlW b + ∂iGZaW kG
W
k
W l∂jGW lW b
]
= − ∂i∂jGZaW b + A1 + A2.
Then we can compute
∂i∂jGZaW b = ∂i∂j(g
bpβap)
= ∂i(g
bp
,j
βap + g
bpβap,j)
= gbp
,j
βap,i + g
bp
,i βap,j + g
bpβap,ji
= gbpβap,ji − gbµgνp(gµν,jβap,i + gµν,iβap,j).
And also,
A1 = g
kl∂i(gak + βanβbmg
mn)∂j(g
bpβlp) = g
bpgklgak,iβlp,j,
A2 = gkl∂i(βapg
kp)∂j(g
bl) = gklg
kpβap,i(−gbµgνlgµν,j) = −gbµgνpβap,igµν,j.
Assembling these gives
Ω
ijZaW
b = − gbpβap,ji + gbµgνp(gµν,jβap,i + gµν,iβap,j) + (gbpgklgak,iβlp,j − gbµgνpβap,igµν,j)
= − gbpβap,ji + gbµgνpgµν,iβap,j + gbpgklgak,iβlp,j
= − gbp∇i∇jβap,
as claimed. Lastly, we expand
Ω
ijZaZ
b = − ∂i∂jGZaZb + ∂iGZaαGαβ∂jGβZb
= − ∂i∂jGZaZb +
[
∂iGZaZkG
Z
k
Zl∂jGZlZb + ∂iGZaW kG
W
k
W l∂jGW lZb
]
= − ∂i∂jGZaZb + A1 + A2.
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Computing gives
∂i∂jGZaZb = gab,ij + (βak,jβbl,i + βak,iβbl,j)g
lk.
And also,
A1 = g
klgak,iglb,j,
A2 = gkl(βap,ig
kp)(βbn,jg
νl) = gnpβap,iβbn,j.
Putting this together gives:
Ω
ijZaZ
b = −(gab,ij + (βak,jβbl,i + βak,iβbl,j)glk) + (gklgak,iglb,j + gnpβap,iβbn,j)
= (−gab,ij + gklgak,iglb,j)− βak,jβbl,iglk
= (Ωg)ijab − βak,jβbl,iglk,
as claimed. 
Lemma 2.2. Given (M2n, J) a complex manifold and generalized metric G, the tensor S
associated to G satisfies
S
W aW
b = − gbngna(Sgmn − T 2mn),
S
ZaW
b = − gbn∆gβan,
S
ZaZ
b = Sg
ab
− T 2
ab
,
(2.3)
where here and below we refer to TilnT jkmg
klgnm as T 2
ij
.
Proof. Taking the trace in Lemma 2.1 proves the result. 
3. Evolution Equations
In this section we establish formula (1.3), the evolution equation for G under pluriclosed
flow. Before we begin computing, it will be useful to establish some B-field transformations
of various quantities.
Lemma 3.1. Given (M2n, J) a complex manifold, γ ∈ Λ2,0 and a generalized Hermitian
metric G, the Christoffel symbols of the generalized metric G˜ = e−γGeγ are given by
Γ˜ = e−γG−1
(
0 0
−∂γ 0
)
Geγ + e−γΓeγ +
(
0 0
∂γ 0
)
.
In particular, if γ is constant, then
Ω˜ = e−γΩeγ
SG˜ = e−γSGeγ .
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Proof.
Γ˜ = G˜−1∂G
= (e−γGeγ)−1∂(e−γGeγ)
= e−γG−1(eγ∂e−γ)Geγ + e−γ(G−1∂G)eγ + e−γ∂eγ
= e−γG−1(eγ∂e−γ)Geγ + e−γΓeγ + e−γ∂eγ
= e−γG−1
(
0 0
−∂γ 0
)
Geγ + e−γΓeγ +
(
0 0
∂γ 0
)
Given this, in the case γ is constant we have Γ˜ = e−γΓeγ , and differentiating again we have
Ω˜ = −∂Γ˜ = −∂e−γΓeγ = −e−γ∂Γeγ = e−γΩeγ .

Proposition 3.2. Given (M2n, J) and (ω, β) a solution to pluriclosed flow (1.1), the asso-
ciated generalized metric G satisfies
∂
∂t
G = − S.
Proof. We will use the following equations
ρ
1,1
B = S
g − T 2 ρ2,0B = ∂∂
∗
ω
These can be derived in using the Bianchi identity for the Chern curvature and type decom-
posing the identity ρB − ρC = dd∗ω (cf. [6]).
Furthermore, arguing as above by applying Lemma 3.1, we can without loss of generality
compute at a space-time point where β vanishes. Using this we can compute
∂
∂t
G
ZiZ
j =
∂
∂t
gij +
∂
∂t
(βikβjlg
lk)
=− (ρ1,1B )ij −
(
(ρ2,0B )ikβjl + βik(ρ
2,0
B )jl
)
glk + βikβjl(ρ
1,1
B )µνg
lµgνk
=− (Sg
ij
− T 2
ij
)
=− S
ZiZ
j .
Also,
∂
∂t
G
ZiW
j =
∂
∂t
(βipg
jp)
= gjp
∂
∂t
βip − βipgjmgnp ∂
∂t
gmn
= − gjp(ρ2,0B )ip
= − gjp(∂∂∗ωip)
= gjp∆gβip
= − S
ZiW
j .
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Further,
∂
∂t
G
W iW
j =
∂
∂t
gji
= − gjmgni(ρ1,1B )mn
= gjmgni(Sgmn − T 2mn)
= − SG
W iW
j .

Proposition 3.3. Given (M2n, J) and (ω, β) a solution to pluriclosed flow (1.1), with as-
sociated generalized metric G and background generalized metric G˜, one has(
∂
∂t
−∆
)
|Υ|2 = −|∇Υ|2 − |∇Υ+ T ·Υ|2 + T ∗Υ ∗ Ω˜ + Υ ∗Υ ∗ Ω˜ + Υ ∗ ∇˜Ω˜.
Proof. A general calculation for the variation of the Chern connection associated to a Her-
mitian metric yields
∂
∂t
ΥBiA = ∇i
∂
∂t
GBA .
Specializing this result using Proposition 3.2 we thus have
(3.1)
∂
∂t
ΥBiA = −∇iSBA .
Using this, we compute
∆ΥBiA = g
kl∇l∇kΥBiA
= gkl∇l
(
ΩB
kiA
− Ω˜B
kiA
)
= gkl∇iΩBklA + gklT pilΩBkpA + gkl∇lΩ˜BikA
= ∂tΥ
B
iA − gklT pilΩBpkA + gkl∇˜lΩ˜BikA + gkl
(
ΥqliΩ˜
B
qkA
+ΥDlAΩ˜
B
ikD
−ΥBlDΩ˜DikA
)
.
(3.2)
Next we observe the commutation formula
∆Υ
B
jA = g
lk∇l∇kΥ
B
jA
= glk
[
∇k∇lΥ
B
jA − (Ωg)qkljΥ
B
qA − ΩCklAΥ
B
jC + Ω
B
klC
Υ
C
jA
]
= ∆Υ
B
jA − (Sg)qjΥ
B
qA − SCAΥ
B
jC + S
B
C
Υ
C
jA.
(3.3)
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Combining (3.1)-(3.3), the evolution equations of Proposition 3.2 and the pluriclosed flow
equation we obtain
∂
∂t
|Υ|2g−1,G−1,G =
∂
∂t
[
gjiGCAGBDΥ
B
iAΥ
D
jC
]
= − gjk
(
−Sg
kl
+ T 2
kl
)
gliGCAGBDΥ
B
iAΥ
D
jC − gjiGCM
(−SG
ML
)
GLAΥBiAΥ
D
jC
+ gjiGCA
(−SG
BD
)
ΥBiAΥ
D
jC + g
jiGCAGBD
(
∆ΥBiA + g
kl(T g)pilΩ
B
pkA
−gkl∇˜lΩ˜BikA − gkl
[
ΥqliΩ˜
B
qkA
+ΥMlAΩ˜
B
ikM
−ΥBlM Ω˜MikA
])
Υ
D
jC
+ gjiGCAGBDΥ
B
iA
(
∆Υ
D
jC − gkl(T
g
)q
kj
ΩD
lqC
+ gkl∇˜kΩ˜DljC
−gkl
[
Υ
q
kjΩ˜
D
qlC
+Υ
L
kCΩ˜
D
jlL
−ΥDkLΩ˜LjlC
])
.
We furthermore compute
∆|Υ|2g−1,G−1,G = gklgjiGCAGBD∇l∇k(ΥBiAΥ
D
jC)
= 〈∆Υ,Υ〉+ 〈Υ,∆Υ〉+ |∇Υ|2 + |∇Υ|2
= (Sg)q
j
Υ
D
qCΥ
B
iAg
jiGCAGBD + S
Λ
C
Υ
D
jΛΥ
B
iAg
jiGCAGBD
− SD
Λ
Υ
Λ
jCΥ
B
iAg
jiGCAGBD + 〈∆Υ,Υ〉+ 〈Υ,∆Υ〉+ |∇Υ|2 + |∇Υ|2.
Subtracting the two equations above yields(
∂
∂t
−∆
)
|Υ|2 = − |∇Υ|2 − |∇Υ|2
+ gjigklGCAGBD
(
−(T 2)ikΥBlAΥ
D
jC + T
p
ilΩ
B
pkA
Υ
D
jC − T
q
kjΩ
D
lqC
ΥBiA
+ΥBiA∇˜kΩ˜DljC −Υ
D
jC∇˜lΩ˜BikA
−ΥqliΥ
D
jCΩ˜
B
qkA
−ΥMlAΥ
D
jCΩ˜
B
ikM
+ΥBlMΥ
D
jCΩ˜
M
ikA
−ΥBiAΥ
q
kjΩ˜
D
qlC
−ΥBiAΥ
L
kCΩ˜
D
jlL
+ΥBiAΥ
D
kLΩ˜
L
jlC
)
.
Then, observing that the second through fifth terms above form a perfect square we arrive
at (
∂
∂t
−∆
)
|Υ|2 = −|∇Υ|2 − |∇Υ+ T ·Υ|2 + T ∗Υ ∗ Ω˜ + Υ ∗Υ ∗ Ω˜ + Υ ∗ ∇˜Ω˜,
as claimed. 
Corollary 3.4. Supposing that the initial generalized metric is uniformly equivalent to a
background, i.e. Λ−1G˜ ≤ G ≤ ΛG˜, then along a solution to the generalized Ricci flow,(
∂
∂t
−∆
)
|Υ|2 ≤ −|∇Υ|2 − |∇Υ+ T ∗Υ|2 + C(Λ, g˜)|Υ| (|T |+ |Υ|+ 1) .
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Proof. This follows by applying the Cauchy-Schwartz inequality to the result of the previous
proposition. 
Lemma 3.5. Given (M2n, J) and (ω, β) a solution to pluriclosed flow (1.1), with associated
generalized metric G and background generalized metric G˜, one has(
∂
∂t
−∆
)
trG G˜ = −|Υ|2g−1,G−1,G˜ +GBAgnmΩ˜nmBA.
Proof. Using Proposition 3.2 we compute
∂
∂t
trG G˜ =
∂
∂t
(GBAG˜AB) = −GCAGBDSDCG˜AB.(3.4)
Furthermore,
∆ trG G˜ = g
nm∇m∇n(GBAG˜AB) = gnmGBA∇m∇nG˜AB.
However,
∇nG˜AB = (∇n − ∇˜n)G˜AB = −G˜ACΥ
C
nB.
The second covariant derivative then yields
∇m∇nG˜AB = −∇m(G˜ACΥ
C
nB) = G˜DCΥ
D
mAΥ
C
nB + G˜AC(Ω
C
nmB
− Ω˜C
nmB
).
Contracting this with g yields
∆ trG G˜ = |Υ|2g−1,G−1,G˜ +GBAG˜AC(SCB − gnmΩ˜CnmB).(3.5)
Combining (3.4) and (3.5) gives the result. 
Corollary 3.6. Given (M2n, J) and (ω, β) a solution to pluriclosed flow (1.1), with associ-
ated generalized metric G and background generalized metric G˜, such that Λ−1G˜ ≤ G ≤ ΛG˜,
one has (
∂
∂t
−∆
)
trG G˜ ≤ −Λ−1|Υ|2g−1,G−1,G +K(Λ, g˜).
Proof. This follows in a straightforward way from Lemma 3.5 using the uniform equivalence
of G and G˜. 
Lemma 3.7. On a Hermitian manifold (M,J) with metrics g and g˜ having torsion potentials
β and β˜ respectively satisfying Λ−1g˜ ≤ g ≤ Λg˜ and |β|2 ≤ Λ, Chern connections ∇ and ∇˜
|Υg|2g ≤ Λ−2|ΥG|2g−1,G−1,G +K(Λ, g˜).
Proof. We will compute Υ using Lemma 3.1. Set γij ≡ βij(p) and γ˜ ≡ β˜ij(p), and compute
at p as follows
Υ(p) =Γ− Γ˜
=e−γ
(
Γg 0
0 g∂g−1
)
eγ − e−γ˜
(
Γg˜ 0
0 g˜∂g˜−1
)
eγ˜
But g∂g−1 is the natural connection action on (T ∗)1,0 since
g∂ig
−1(dzj) = g∂i(gkj∂k) = g(g
kj
,i ∂k) = −gklgkµgνjgµν,idzl = −(Γg)jildzl.
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Thus, the above can naturally be written as
Υ(p) = e−γ
(
Γg 0
0 Γg
)
eγ − e−γ˜
(
Γg˜ 0
0 Γg˜
)
eγ˜
Then since γ(p) = β(p) and γ˜(p) = β˜(p), after some simplification, we get
Υ =
(
Υg 0
−β˜Γg˜ − Γg˜β˜ + βΓg + Γgβ Υg
)
=
(
Υg 0
βΥg +Υgβ + (β − β˜)Γg˜ + Γg˜(β − β˜) Υg
)
.
Computing in Hermitian coordinates about p simplifies this to
Υ = eβ
(
Υg 0
0 Υg
)
eβ +
(
0 0
(β − β˜) ∗ T˜ 0
)
.
By tensoriality, this is equality is global. But then, letting Gˆ be the diagonal metric with
G = e−βGˆeβ , it is clear that
|Υ|2g,G,G ≥
∣∣∣∣(Υg 00 Υg
)∣∣∣∣2
g−1,G−1,G
−K(Λ, g˜) ≥ Λ−2 |Υg|2g −K(Λ, g˜),
as claimed. 
In the proposition below we will use a cutoff function to get a localized estimate. In
particular we will say that η is a cutoff function for a ball of radius R at p ∈M with respect
to a background metric g˜ if
η|B(p,R
2
) ≡ 1, supp η ⊂ B(p, R)
|∇η| ≤ C
R
,
∣∣∇2η∣∣ ≤ C
R2
,
(3.6)
where the constant C depends on the background metric g˜.
Proposition 3.8. Given (M2n, J), fix (ω, β) a solution to pluriclosed flow (1.1), with asso-
ciated generalized metric G. Fix a background metric generalized metric G˜(g˜, β˜) such that
Λ−1G˜ ≤ G ≤ ΛG˜, a cutoff function η for a ball of radius R with respect to g˜, constants
A, p ≥ 1, and define
Φ = tηp |Υ|2 + Aηp−2 trG G˜.
There exists a constant K = K(Λ, G˜, p) > 0 such that(
∂
∂t
−∆
)
Φ ≤ − 2ℜ 〈∇Φ, pη−1∇η〉
+ |Υ|2 ηp−2 (1 + tK (1 +R−2)− AΛ−1)+KA (1 +R−2) ,
Proof. We first compute using Corollary 3.4,(
∂
∂t
−∆
)
(tηp |Υ|2) = ηp |Υ|2 + tηp
(
∂
∂t
−∆
)
(|Υ|2)− 2ptηp−1ℜ 〈∇ |Υ|2 ,∇η〉
− p(p− 1)tηp−2 |∇η|2 |Υ|2 − ptηp−1 |Υ|2∆η
≤ ηp |Υ|2 +K(Λ)tηp |Υ| (|T |+ |Υ|+ 1)− 2ptηp−1ℜ 〈∇ |Υ|2 ,∇η〉
− p(p− 1)tηp−2 |∇η|2 |Υ|2 − ptηp−1 |Υ|2∆η.
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For ease of computing we set q = p− 2. Using Corollary 3.6 we have(
∂
∂t
−∆
)
ηq trG G˜ = η
q
(
∂
∂t
−∆
)
trG G˜− 2qηq−1ℜ
〈
∇ trG G˜,∇η
〉
− q(q − 1)ηq−2 trG G˜ |∇η|2 − qηq−1 trG G˜∆η
≤ − ηqΛ−1 |Υ|2 +K(Λ, g˜)− 2qηq−1ℜ
〈
∇ trG G˜,∇η
〉
− q(q − 1)ηq−2 trG G˜ |∇η|2 − qηq−1 trG G˜∆η.
Combining the two inequalities above, Lemma 3.7, and (3.6) yields(
∂
∂t
−∆
)
Φ ≤ ηp |Υ|2 + tKηp |Υ| (|T |+ |Υ|+ 1)− 2ptηp−1ℜ 〈∇ |Υ|2 ,∇η〉
− p(p− 1)tηp−2 |∇η|2 |Υ|2 − ptηp−1 |Υ|2∆η
+ A
{
−ηqΛ−1 |Υ|2 +K − 2qηq−1ℜ
〈
∇ trG G˜,∇η
〉
−Aq(q − 1)ηq−2 trG G˜ |∇η|2 − qηq−1 trG G˜∆η
}
≤ − 2ptηp−1ℜ 〈∇ |Υ|2 ,∇η〉− 2Aqηq−1ℜ〈∇ trG G˜,∇η〉
+ |Υ|2 ηp−2 (1 + t (K + CR−2)− AΛ−1)+K(Λ, p)A (1 +R−2)
(3.7)
We also directly compute
∇Φ = ptηp−1∇η |Υ|2 + tηp∇ |Υ|2 + A
{
qηq−1∇η trG G˜+ ηq∇ trG G˜
}
.
Taking the inner product with η−1∇η, multiplying by p, and rearranging we find
−2ℜ 〈ptηp−1∇ |Υ|2 ,∇η〉
= − 2ℜ 〈∇Φ, pη−1∇η〉+ 2p(ptηp−2 |Υ|2 + Aqηq−2 trG G˜) |∇η|2
+ 2Apηq−1ℜ
〈
∇ trG G˜,∇η
〉
.
(3.8)
We also will exploit the inequality
|∇ trG G˜|2 = gjk(∇k trG G˜)(∇j trG G˜)
= gjkGβαGba∇kG˜αβ∇jG˜ab
= gjkGβαGba(∇k − ∇˜k)G˜αβ(∇j − ∇˜j)G˜ab
= gjkGβαGba(ΥνkαG˜νβ)(Υ
n
jbG˜an)
≤ C(Λ) |Υ|2 .
(3.9)
Using (3.8) and (3.9) in (3.7) yields(
∂
∂t
−∆
)
Φ ≤ − 2ℜ 〈∇Φ, pη−1∇η〉
+ |Υ|2 ηp−2 (1 + tK (1 +R−2)− AΛ−1)+KA (1 +R−2) ,
as claimed. 
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4. Main Results
Proposition 4.1. Given (M2n, J), fix (ω, β) a solution to pluriclosed flow (1.1) on [0, τ), τ ≤
1, with associated generalized metric G. Fix a background metric generalized metric G˜(g˜, β˜)
such that Λ−1G˜ ≤ G ≤ ΛG˜, and some 0 < R < 1. There exists a constant K = K(p,Λ, G˜)
such that
sup
BR
2
(p)×{t}
∣∣∣Υ(G, G˜)∣∣∣2 ≤ K (1
t
+R−4
)
.
Proof. Let η denote a cutoff function for BR, fix p = 2, and define Φ as in Proposition 3.8.
We can choose A ≥ CΛKR−2 so that for times t ≤ 1, Proposition 3.8 yields(
∂
∂t
−∆
)
Φ ≤ − 2ℜ 〈∇Φ, pη−1∇η〉+KA (1 +R−2)
≤ − 2ℜ 〈∇Φ, pη−1∇η〉+KR−4.
Since Φ ≤ K at time 0, it follows from the maximum principle that
sup
M×{t}
Φ ≤ K (1 + tR−4)
But then for any x ∈ BR
2
,
|Υ|2 (x, t) = ηp(x) |Υ|2 (x, t) ≤ 1
t
Φ(x, t) ≤ K
(
1
t
+R−4
)
,
as claimed. 
Theorem 4.2. Given (M2n, J), fix (ω, β) a solution to pluriclosed flow (1.1) on [0, τ), τ ≤ 1,
with associated generalized metric G. Fix a background metric generalized metric G˜(g˜, β˜)
such that Λ−1G˜ ≤ G ≤ ΛG˜. There exists ρ > 0 depending on g˜ such that for all 0 < R < ρ,
and k ∈ N, there exists a constant K = K(k,Λ, G˜) such that
sup
BR
2
(p)×{t}
fk(x, t) ≤ K
(
1
t
+R−4
)
.
Proof. The case k = 0 is established in Proposition 4.1. For k > 0, suppose otherwise. We
choose ρ > 0 so that, for all x ∈ BR(p), the exponential map associated to g˜ is a local
diffeomorphism on a ball of radius ρ with uniform estimates on the pullback metric exp∗p g˜.
Given Gt a solution to pluriclosed flow as described and 0 < R < ρ, suppose there exist
points (xi, ti) ∈ BR(p)× [0, τ) s.t.
tifk,i(xi, ti)
1 + tid(xi, ∂BR)−4
ր∞.
We refine to points (x˜i, t˜i) such that
t˜ifk,i(x˜i, t˜i)
1 + t˜id(x˜i, ∂BR)−4
= sup
BR(p)×[0,ti]
tifk,i(xi, ti)
1 + tid(xi, ∂BR)−4
.(4.1)
From here on, we will drop these decorations and refer only to the refined points. By
construction, for each xi we can use the exponential map of g˜ on a ball of radius d(xi, ∂BR)
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to pullback G and so work in complex coordinate charts. Set σi = fk(xi, ti), and define a
family of metrics on B(0,
√
σid(xi, ∂BR)))× [−tiσi, (τ − ti)σi) by
G′i(x, t) = Gi(xi +
x√
σi
, ti +
t
σi
)
where G˜′i is defined similarly. Each of these primed metrics is actually a solution to 3.2 on
their domains as ∂
∂t
G′i(x, t) =
1
σi
∂
∂t
Gi and S
′
i(x, t) =
1
σi
Si. Associated to these metrics, the
quantities fk,i scale as given by
f ′k,i(x, t) =
1
σi
fk,i(xi +
x√
σi
, ti +
t
σi
),
and thus by construction
f ′k,i(0, 0) = 1.
Notice that since tiσi → ∞ and d(xi, ∂BR)2σi → ∞, eventually all of these solutions and
associated quantities exist on B1(0)× [−1, 0] ⊂ Cn × R.
Also note that since for sufficiently large i, tiσi ≥ 2, one has
ti +
t
σi
≥ ti
2
for any t ∈ [−1, 0]. Similarly, for sufficiently large i it will hold for x ∈ B1(0) that
d(xi +
x√
σi
, ∂Br) ≥ 12d(xi, ∂Br)
This implies using (4.1) that for any x, t ∈ B1(0)× [−1, 0], one has
ti
64(1 + tid(xi, ∂BR)−4)
fk,i(xi +
x√
σi
, ti +
t
σi
)
≤
(
ti +
t
σi
)
1 +
(
ti +
t
σi
)
d(xi +
x√
σi
, ∂BR)−4
fk,i(xi +
x√
σi
, ti +
t
σi
)
≤ ti
1 + tid(xi, ∂BR)−4
fk,i(xi, ti).
Thus we obtain
f ′k,i(x, t) =
1
σi
fk,i(xi +
x√
σi
, ti +
t
σi
) ≤ 64
on B1(0)× [−1, 0] for sufficiently large i. This is a uniform Ck+1-estimate. As our equation
is of the form
∂
∂t
(G′i)nj = (G
′
i)
lk(G′i)nj,kl + ∂G
′
i ∗ ∂G′i
and a uniform Ck+1-estimate for G′i implies a uniform C
k-estimate for ∂G′i ∗ ∂G′i, we are
exactly in the case of the Schauder estimates. So, on B(0, 1
2
) × [−1
2
, 0], we have a uniform
Ck+2-estimate. Applying Ascoli-Arzela´ then gives subsequential Ck+1-convergence of the
metrics to some limit G′∞. This convergence in particular implies that
f ′k,∞(0, 0) = 1.
ON A CALABI-TYPE ESTIMATE FOR PLURICLOSED FLOW 15
We note that the rescaled background metrics converge in C∞ to a metric G˜′∞ which must be
Euclidean. Furthermore, using the estimate on f0 it follows that for points inB(0,
1
2
)×[−1
2
, 0],
lim
i→∞
f ′1,i(x, t) =
1
σi
f1,i(xi +
x√
σi
, ti +
t
σi
) ≤ C
σi
(
1
ti
+ d(xi, BR)
−4
)
→ 0.
Hence the metric G′∞ is constant in space and time after the blow-up, and thus f
′
k,∞ ≡ 0, a
contradiction. 
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